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Magnetization of a homogeneous two dimensional fermion gas with repulsive contact
interaction and Rashba spin-orbit potential
A. Ambrosetti,∗ P.L. Silvestrelli,† and F. Toigo‡
Dipartimento di Fisica, University of Padova, via Marzolo 8, I–35131, Padova, Italy
The z axis magnetization of a two dimensional electron gas with contact repulsive interaction and
in presence of a Rashba potential is computed by means of quantum field theory at second order.
A striking effect of the pure Rashba interaction is that of hindering spin alignment along the z
direction. Evidence of transition at critical repulsive interaction coupling constant is still found. The
degree of magnetization, however, shows a clear dependence on the spin-orbit interaction strength.
Furthermore, the transition to magnetized state appears to be smoothed by the presence of the
Rashba interaction.
PACS numbers:
I. INTRODUCTION
The magnetization of a homogeneous gas of fermions
is a long standing problem, already considered by several
authors during the past years1–5. It is well known, for
instance, how, in presence of a contact repulsive interac-
tion, both the two and three dimensional spin 1/2 fermion
gas undergo a phase transition, magnetizing upon in-
crease of the repulsive potential coupling constant4,6,7. A
first, tentative, experimental proof of itinerant ferromag-
netism in cold fermion atoms was recently given by Jo et
al.8,9 The basic mechanism underlying the phase transi-
tion could be well understood in terms of a competition
between kinetic energy and repulsion of fermions with
opposite spins. For strong repulsive interactions the po-
tential energy reduction induced by the polarization will
compensate the corresponding increase of kinetic energy,
favoring the appearance of a magnetization.
Though the physical behavior of the above mentioned
systems appears to be well understood, the recent inter-
est in spin orbit (SO) interactions both in semiconductor
devices and in systems of cold atoms, leads to new ques-
tions regarding the appearance of possible unknown spin
effects. Among the different SO interactions present in
semiconductors, the Rashba interaction10 certainly plays
a fundamental role, especially due to its tunable strength.
The form of the Rashba interaction is:
VRashba = λ(kyσx − kxσy). (1)
where kx,y represents the momentum operator and σx,y
are Pauli matrices. This SO interaction generates in
asymmetric quantum wells due to the existence of an elec-
tric field perpendicular to the plane of confinement11–15.
The confinement introduced by the very narrow quantum
well, in turn, allows for a two dimensional treatment of
the electrons, which are described as effectively moving
in the x − y plane. Moreover, an external gate poten-
tial could be applied in order to effectively modify the
strength of the interaction λ16.
Recently, the Rashba interaction has been reproduced in
ultracold atoms17,18 by means of controlled laser beams
externally applied to the system. The realization of SO
interactions by means of artificial gauge fields certainly
boosted the interest on SO interactions, and a number
of theoretical studies appeared in the last few months,
regarding SO effects in superfluid or superconducting
states19–22. Experimentally, a quasi two dimensional cold
atom gas can be realized by means of counterpropagating
laser beams along the z direction with antinodes at half
wavelength spacing b. The ultracold atom gas is a par-
ticularly favorable system for the study of magnetization
properties. The absence of interfering phonons, present
in solid state systems, and the elevated degree of con-
trol achievable, make it a valuable tool for investigating
delicate magnetic properties, such as combined SO and
population imbalance effects.
Some of the most relevant questions related to the two
dimensional fermion gas in presence of Rashba interac-
tion are those related to its magnetization properties.
The interplay of Rashba interaction and magnetization
appears indeed not yet well understood. A recent Diffu-
sion Monte Carlo simulation23 and perturbative analyti-
cal approaches24 for the two dimensional electron gas in
presence of both Coulomb repulsion and Rashba inter-
action revealed negligible two-body effects on the occu-
pation of single particle Rashba states and no apprecia-
ble magnetization along the z axis. In the following we
will consider an unpolarized cold atoms assembly with
a repulsive two body interaction. Since due to the very
low-energy only s-wave scattering is important, the inter-
action may be modeled by a contact interaction acting
only between particles of opposite spins, due to Pauli
principle. Therefore, in the action of the uniform 2-D
system confined to the x−y plane it will be described by
a term of the form:
V = g
∑
k1,k2,q
ψ¯↑k1+qψ¯
↓
k2−q
ψ↓k2ψ
↑
k2
(2)
The coupling constant g is assumed to be positive, and
ψ↑,↓ indicate the fermion fields with ±1/2 z spin compo-
nent. Experimentally, g may be modified by exploiting
the Feshbach resonance mechanism.25 Notice that the in-
teraction in Eq. (2) differs from the Coulomb one be-
tween electrons in a quantum well, as it lacks the long
2range tail and acts only between particles with opposite
spin.
The present paper is organized as follows: In the II sec-
tion, the path integral computation of the free energy
at second order in the coupling constant g will be illus-
trated. In particular, results will be derived considering
the possible presence of an external Zeeman potential,
introducing a chemical potential difference, i.e. an unbal-
ance, between the ↑ and ↓ populations. Some analytical
results will be discussed regarding the case of zero ex-
ternal potential. In Section III numerical results will be
shown for the magnetization of the system as a function
of both the λ and the g coupling constants.
II. SECOND ORDER PERTURBATION
THEORY
In the following, a path integral derivation of the sys-
tem free energy will be given, up to second order in the
repulsive potential coupling constant g, while exactly in-
cluding the Rashba effects in the independent particle
propagator. We stress that the second order approxima-
tion to the free energy will be obtained as an expansion in
the two body interaction, starting from the independent
particle solutions. This approach is to be preferred in two
dimensions with respect to a saddle point approximation.
In fact, in absence of Rashba interaction, the stationary
points of the action do not correspond to its minima but
instead they provide maxima and therefore one cannot
proceed to evaluate the partition function by considering
only small fluctuations around them, since large fluctu-
ations would be favored instead. A minimum of the en-
ergy, however, is correctly recovered by a minimization
of the energy calculated by standard perturbation theory,
starting from the solution of the non interacting system.
This may be understood by expressing the energy at first
order in g in terms of the spin ↑ and spin ↓ densities:
E/V =
π
m
(n2↑ + n
2
↓) + gn↑n↓. (3)
In the 2D gas, both the kinetic energy and the repulsive
term show quadratic dependence As a consequence, for
a given at n = n↑ + n↓ it will be a parabolic function of
the net magnetization s = n↑ − n↓, with a minimum or
a maximum at s = according to whether pim − g is posi-
tive or negative, respectively. So the stationary value at
s = 0 is a maximum for large values of g while the energy
is obtained when either n↑ = n or n↓ = n, i.e. when the
system is completely polarized. The independent parti-
cle propagator G0 in presence of Rashba SO, could be
obtained by inverting the following expression for G−10 ,
written in the ↑, ↓ spin basis:
G−10 (ωn,k) = (4)
=
(
−iωn + k22m − µ−∆µ λ(ky + ikx)
λ(ky − ikx) −iωn + k22m − µ+∆µ
)
where ωn =
pi
β (2n + 1) are fermions Matsubara frequen-
cies, µ =
µ↑+µ↓
2 is the chemical potential of the system,
while ∆µ =
µ↑−µ↓
2 . An external potential of the form−∆µσz is included, favoring the occupation of ↑ states
with respect to ↓. The diagonalization of G−10 leads to
the eigenenergies
ǫ± =
k2
2m
±
√
∆µ2 + λ2k2 (5)
corresponding to the eigenstates
φ±(k) = c±,k
(
λ(ky+ikx)
∆µ±
√
∆µ2+λ2k2
1
)
(6)
where the normalization constants c±,k are defined to be
real and obey the equation:
c2±,k
(
λ2k2
(∆µ±
√
∆µ2 + λ2k2)2
+ 1
)
= 1. (7)
These states will be hereafter referred to as ± for simplic-
ity. Knowing the G−10 eigenstates, it is possible to write
the transformation matrix
Rk =

 c+,k λ(ky−ikx)∆µ+√∆µ2+λ2k2 c+,k
c−,k
λ(ky−ikx)
∆µ−
√
∆µ2+λ2k2
c−,k

 (8)
which diagonalizes the independent particle inverse prop-
agator, yielding
G−10,diag(ω,k) = RkG−10 (ω,k)R†k (9)
where G−10,diag is the diagonalized independent particle in-
verse. We stress that the inclusion of the Rashba inter-
action in the independent particle propagator allows for
a non perturbative treatment of the SO interaction.
A perturbative approach is instead employed for the two
body repulsive interaction. By using the relation
ψ¯↑ψ¯↓ψ↓ψ↑ =
1
4

 ∑
α=↑,↓
ψ¯αψα


2
−1
4

 ∑
α,β=↑,↓
ψ¯ασ
z
αβψβ


2
(10)
it is possible to employ a double Hubbard-Stratonovich
transformation after introducing the auxiliary fields ρ
and φz , associated to density and z magnetization re-
spectively:
e−
g
4
(ψ¯αδαβψβ)
2
=
∫
dρegρ
2−gρψ¯αδαβψβ
e
g
4
(ψ¯ασ
z
αβψβ)
2
=
∫
dφze−g(φz)
2+gφzψ¯ασ
z
αβψβ (11)
The grand canonical partition function can then be ex-
pressed as
Z =
∫
DφzDρDψ¯Dψe
−
∫
dτdrg(φ2z−ρ
2)+ψ¯α[G
−1
0αβ
+gδαβ−gσ
z
αβφz]ψβ .
(12)
3Integrating over the fermion fields and expanding the ac-
tion up to quadratic order in the fields φz and ρ one
obtains
S(φz , ρ) =
∫
dτdr{ g(φ2z − ρ2)− TrlnG−10 −
−gT r[G0(ρ1− φzσz)] +
+
g2
2
Tr[G0(ρ1− φzσz)G0(ρ1− φzσz)] +O(g3)}. (13)
Then, by expressing G0 in terms of G0diag and R (see
(9)), it is possible to rewrite the second line of the above
equation as:
L ·Φ(k = 0) (14)
where Φ = (ρ, φz) and
LT = gβ
∑
k
(
f(ξ+k ) + f(ξ
−
k )
f(ξ+k )(1− 2c2+,k) + f(ξ−k )(1 − 2c2−,k)
)
(15)
Following a similar, though slightly more complex proce-
dure, the third line of (13) is expressed as:∑
q
ΦT−qQqΦq (16)
with:
Qq = 1
2
Trk
(M N
N P
)
(17)
where the trace Trk is taken over two fermion momenta
k1 and k2 satisfying the relation k2−k1 = −q. M stands
for
Mk1,k2 =
∑
s1,s2=±
ms1,s2,k1,k2G0s1k1 G0s2k2 (18)
with similar expressions for N and P . G+0 and G−0 are
the + and - components of G0diag and n, m and p are
defined as follows:
ns1,s2,k1,k2 =
(cs1,k1λk1)
2
(∆µ+ s1
√
∆µ2 + λ2k21)
2
·
· (cs2,k2λk2)
2
(∆µ+ s2
√
∆µ2 + λ2k22)
2
− (cs1,k1cs2,k2)2
ms1,s2,k1,k2 = ns1,s2,k1,k2 + d1,s1,s2,k1,k2 + d2,s1,s2,k1,k2
ps1,s2,k1,k2 = ns1,s2,k1,k2 + d1,s1,s2,k1,k2 − d2,s1,s2,k1,k2
(19)
with
d1,s1,s2,k1,k2 = 2(cs1,k1cs2,k2)
2
d2,s1,s2,k1,k2 = 2
(cs1,k1cs2,k2λ)
2
(∆µ+ s1
√
∆µ2 + λ2k21)
·
· k1 · k2
(∆µ+ s2
√
∆µ2 + λ2k22)
(20)
The last term on the first line of (13) could also be ac-
counted for by modifying the matrix Q into
Q′q = Trk
(
−gβV 1+ g22 M g
2
2 N
g2
2 N gβV 1+ g
2
2 P
)
(21)
The partition function (12) can thus be written as
Z =
∫
DφzDρ ∼ e−S0
∫
DφzDρe−Φ
TQ′Φ−LTΦ =
= e−S0(DetQ′)−1/2e 14LTQ′−1L (22)
where S0 represents the action of the independent parti-
cle system. The logarithm of the determinant of Q′ will
then be expanded in g and only terms up to quadratic
order will be retained. The above expression contains
a multiplicity of terms and certainly appears more com-
plicated than the corresponding formula, obtained in ab-
sence of Rashba interaction. The reason of this complica-
tion resides in the momentum dependent transformations
Rk, which needs to be taken into account due to the spin
structure of the Rashba independent particle solutions.
III. POLARIZATION
The polarization along the z axis defined as
M =
n↑ − n↓
n
, (23)
where n↑,↓ are the density components with spin ↑ or ↓
and n is the total density, is simply 2〈φz〉/n with:
〈φz〉 =
(∫
DφzDρe−S+Jφ
z
φz
)
J→0(∫
DφzDρe−S+Jφz
)
Ji→0
=
=
∂
∂J
ln
(∫
DφzDρe−S+Jφ
z
φz
)
J→0
(24)
The introduction of the field J corresponds to modifying
the vector L into
L′ = L+
(
0
J
)
(25)
which then yields
〈φz〉 = 1
4βV
[
(0, 1)Q′−1L+ LTQ′−1
(
0
1
)]
=
1
2β2V 3g
[(g2
2
TrN
)(∑
k
f(ξ+k ) + f(ξ
−
k )
)
+
+
(
gβV − g
2
2
TrM
)
·
·
(∑
k
f(ξ+k )(1− 2c2+,k) + f(ξ−k )(1 − 2c2−,k)
)]
(26)
4From the above formula it follows that if ∆µ = 0 then
c±,k = 1/
√
2 and the z polarization, is identically zero.
We stress that this result is not sufficient in order to
establish the absence of magnetization for any value of
the coupling constant g, since it is a direct consequence
of the fact that the expectation value of 〈σz〉 on both
our + and − unperturbed Rashba states (see Eq. (6)) is
zero, when ∆µ = 0. Therefore even when the occupation
numbers of these states are different, the total magne-
tization is zero. To allow a nonzero magnetization, we
must start from unperturbed Rashba states where 〈σz〉
may be nonzero. This is easily achieved by introducing a
variational field favoring the occupation of ↑ over ↓ spin
states, i.e. substituting ∆µ with ∆µ+h, in all the above
formulas. A the end of the calculation one will get h by
minimizing E − hMn .
As will be discussed in the subsequent section, in gen-
eral one will find that when ∆µ = 0, the minimum energy
is achieved for h = 0 only when the repulsion strength g
is below a critical value gc. No magnetization will thus
be present when g < gc .
As mentioned above, this property appears to be closely
related to the single particle spin properties of the sys-
tem: in fact, when h = 0, the expectation value of σz
over any of the Rashba states (6) (at ∆µ = 0) is equal to
zero due to spin rotation around the particle wave vector
axis26. Remarkably, in this case the independent particle
Rashba states contain no dependence on the parameter
λ, also implying constant 〈σz〉 = 0 even at λ→ 0.
In order to gain a more complete picture of the whole
magnetization properties of the gas, calculations were
also performed for 〈σx〉 and 〈σy〉. In fact, the absence
of a z magnetization in presence of Rashba SO coupling
does not in principle exclude the appearance of non zero
in-plane magnetization. As an example, in the 2D fermi
gas in absence of Rashba interaction, due to spin-rotation
invariance, magnetization might equally occur along any
direction if ∆µ = 0 , while being necessarily oriented
along z for ∆µ 6= 0.27
In order to describe the possible occurrence of in-plane
magnetization, one may rewrite the contact repulsive in-
teraction (10) as5
1
4

 ∑
α=↑,↓
ψ¯αψα


2
− 1
4

 ∑
α,β=↑,↓
ψ¯α~σαβψβ


2
(27)
and consequently introduce two additional auxiliary
fields φx and φy as done in (11), resulting in the four
dimensional analogues of L (25) and Q (17). Given the
complexity of the calculations, these were only performed
for the case ∆µ = 0 at g < gc and will be discussed only
qualitatively . The four dimensional analog of L will
again show a single non-vanishing term, corresponding
to the ρ field. The new matrix will instead only have non
zero off diagonal elements corresponding to the coupling
between φz and ρ and between φx and φy . As a con-
sequence, both the expectation values of φx and φy are
identically zero at ∆µ = 0. An analogous picture occurs
in the Rashba interacting independent particle model,
where both < σx > and < σy > average out to zero, due
to the 2D rotational symmetry of the Fermi surface.
IV. NUMERICAL RESULTS
The numerical results presented in this section con-
cern magnetization and quasipolarization properties of
the system under study at T = 0. In the following we
will express lengths in units of n−1/2,(the 2-D particle
density), and energies in units of n~
2
m where m is the
mass of the particles. Due to the elevated computational
cost related to the treatment of some of the terms pro-
portional to g2 in the free energy, the results presented
in the following were obtained retaining only the terms
of the action which are linear in g. In absence of SO
interaction, the second order terms were shown to shift
the transition to lower g ,27 and to increase the order
of the transition from the first to continuous. Since our
system shows a smoothing of the transition already at
first order in g due to the presence of SO coupling, we
expect that second order terms will only shift gc, the crit-
ical coupling strength for the transition, to lower values,
without changing the overall features.
As already outlined above, at ∆µ = 0 no z magnetiza-
tion is present in the system at repulsive couplings below
gc. However, a phase transition, analogous to that found
in absence of SO, is still present, causing the appearance
of non zero magnetization at strong repulsion. Fig. 1
reports the magnetization as a function of the repulsion
strength for different values of λ. While no λ depen-
dence is appreciable at small g’s, above the transition
one observes a decrease of the magnetization at satu-
ration by increasing λ. Another relevant feature is the
smoothing of the magnetization increase upon introduc-
tion of SO, the smoothing being more relevant at higher
λ. The Rashba interaction is therefore expected to effec-
tively frustrateM also at ∆µ 6= 0. This property, in fact,
is confirmed by the results reported in Figs. 23. Above
gc a competition will be present between the magnetiz-
ing repulsion and the demagnetizing Rashba interaction.
Magnetization will thus increase at fixed λ by increasing
g. When g > gc the variational parameter h introduced
above becomes essential for the description of magneti-
zation. since the energy minimum occurs in this case for
h 6= 0, corresponding to partial spin alignment along the
z axis.
Non zero M is obtained, even below criticity, for ∆µ 6= 0,
increasing with the ∆µ, as from Fig. 3. This result is
clearly understandable, given the role of ∆µ in energet-
ically favoring the occupation of sz = 1/2 spin states.
Notice that the magnetization enhancement due to ∆µ
decreases as the Rashba coupling constant λ increases.
The so-called ”quasi-polarization”, defined as
ξ =
n+ − n−
ntot
(28)
5and corresponding to the difference between the Rashba
spin + and - density fraction at ∆µ = 0, shows no dif-
ference from that of independent particles, computed by
retaining only the kinetic energy terms in the system en-
ergy. This also appears in good agreement with QMC
results. For non zero ∆µ values, however, also the ”quasi-
polarization” appears to be affected by the presence of
the repulsive interaction, showing dependences on g and
∆µ qualitatively similar to those of M. No direct rela-
tion is observed between M and ξ. In fact, non zero ξ is
found in presence of zero M . At ∆µ 6= 0, however, non
zero M and ξ are found, both increasing with g. Again,
however, full quasipolarization is consistent with partial
magnetization.
V. CONCLUSIONS
The z axis magnetization of the two dimensional
fermion gas in presence of contact repulsion and Rashba
SO interaction has been computed from quantum field
theory. A general expression for the free energy at second
order in g is obtained. As a result, we analytically found
no magnetization at ∆µ = 0, at values of the repulsive
interaction strength below a critical value gc. Above crit-
icity magnetization is non zero and depends on both the
SO strength and g. Numerical results were also given at
∆µ 6= 0, showing that the system develops z spin polar-
ization by increasing ∆µ. Moreover, also in this case the
repulsive interaction appears to enhance the tendency to
develop z magnetization. The Rashba interaction acts
by frustrating M , suggesting a possible application as an
effective tool for controlling the system z polarization.
VI. ACKNOWLEDGEMENTS
We acknowledge Luca Salasnich, Luca dell’Anna,
Francesco Pederiva and Enrico Lipparini for useful dis-
cussions.
∗ Electronic address: alberto.ambrosetti@unipd.it
† Electronic address: pierluigi.silvestrelli@unipd.it
‡ Electronic address: flavio.toigo@unipd.it
1 D. Ceperley, Phys. Rev. B 18, 31262 (1978)
2 C. Attaccalite, S. Moroni, P. Gori-Giorgi, G.B. Bachelet,
Phys. Rev. Lett. 88, 256601 (2002)
3 S. Pilati , G. Bertaina, S. Giorgini, M. Troyer, Phys. Rev.
2 (2010).
4 R. A. Duine and A. H. MacDonald, Phys. Rev. Lett 95
230403 (2005).
5 G. J. Conduit and B. D. Simons, Phys. Rev. A 79 053606
(2009).
6 G. J. Conduit, A. G. Green and B. D. Simons, Phys. Rev.
Lett. 103 207201 (2009).
7 D. Belitz, T. R. Kirkpatrick, T. Vojta, Phys. Rev. Lett 82
4707 (1999).
8 G.B. Jo, Y.R. Lee, J.H. Choi, C.A. Christensen, T.H. Kim,
J.H. Thywissen, D.E. Pritchard, W. Ketterle, Science 325
1521 (2009).
9 L.J. LeBlanc, J.H. Thywissen, A.A. Burkov, A.
Paramekanti, Phys. Rev. A 80 013607 (2009).
10 E. I. Rashba, Phys. Rev. B 70, 201309 (2004)
11 L. P. Kouwenhoven, T. H. Oosterkamp, M. W. S. Danoe-
sastro, M. Eto, D. G. Austing, T. Honda, S. Tarucha, Sci-
ence,278 1788 (1997)
12 D. R. Steward, D. Sprinzak, C. M. Marcus, C. I. Duruo¨z,
J. S. Harris Jr., Science, 278 1784 (1997)
13 J. Nitta, T. Akazaki and H. Takayanagi, T. Enoki, Phys.
Rev. Lett. 78 1335 (1997)
14 G. Engels, J. Lange, T. Scha¨pers and H. Lu¨th , Phys. Rev.
B 55, R1958 (1997)
15 S.D. Ganichev, V.V. Bel’kov, L.E. Golub, E.L. Ivchenko, P.
Schneider, S. Giglberger,J. Eroms,J. De Boeck, G. Borghs,
W. Wegscheider, D. Weiss and W. Prettl, Phys. Rev. Lett.
92 256601 (2004).
16 M. Kohda, T. Nihei, J. Nitta, Physica E 40, 1194-1196
(2008)
17 G. Juzeliunas, J. Ruseckas, J. Dalibard, Phys. Rev. A 81,
053403 (2010); J. Dalibard, F. Jerbier, G. Juzeliunas, P.
O¨hberg, Arxiv-Cond.Matt. 1008.5378 (2010)
18 Y.-J. Lin, K. Jimenez-Garcia, and I. B. Spielman Nature
Lett. 471, 83 (2011).
19 L. Dell’Anna, G. Mazzarella, L. Salasnich, Phys. Rev. A
84 033633 (2011).
20 W. Yi, G.-C. Guo, Phys. Rev. A 84 031608 (2011).
21 M. Iskin, A. L. Subasi, Phys. Rev. Lett 107 050402 (2011).
22 A. Agarwal, M. Polini, R. Fazio, G. Vignale, Phys. Rev.
Lett 107 077004 (2011).
23 A. Ambrosetti, F. Pederiva, E.Lipparini and S. Gandolfi
Phys. Rev. B 80 125306 (2009).
24 S. Chesi, G. F. Giuliani, Phys. Rev. B 83 235309 (2011).
25 J. A: Hertz, Phys. Rev. B 14 1165 (1974).
26 E. Lipparini, Modern Many-Particle Physics 2nd Edition,
World Scientific (2008).
27 G. J. Conduit, Phys. Rev. A 82 043604 (2010).
62 4 6 8 10g
0
0.2
0.4
0.6
0.8
1
M
λ=0.1
λ=0.2
λ=0.5
FIG. 1: (color online) Magnetization plotted in function of
the repulsive interaction coupling constant at fixed ∆µ = 0
for different values of λ. Units are specified in the text.
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FIG. 2: (color online) Magnetization plotted in function of
the λ SO coupling constant for different values of ∆µ at fixed
g = 6.0 Units are specified in the text
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FIG. 3: (color online) Magnetization plotted as a function of
∆µ at different λ values and fixed g = 6.0. Units are specified
in the text.
